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CATEGORICAL PROPOSITIONS 

• A proposition that relates two classes, or 
categories, is called a categorical proposition.

• The classes in question are denoted respectively 
by 
– the subject term and 

– the predicate term, 

• The proposition asserts that either all or part of 
the class denoted by the subject term is included
in or excluded from the class denoted by the 
predicate term. 



Here are some examples of categorical
propositions:

• American Idol contestants hope for recognition.

• Junk foods do not belong in school cafeterias.

• Many of today’s unemployed have given up on 
finding work.

• Not all romances have a happy ending.

• Oprah Winfrey publishes magazines.
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included
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S P
included

S P
excluded

S P
included



• The first statement asserts that the entire class of American Idol 
contestants is included in the class of people who hope for 
recognition, 

• the second that the entire class of junk foods is excluded from the 
class of things that belong in school cafeterias, and 

• the third that part of the class of today’s unemployed people is 
included in the class of people who have given up on finding work. 

• The fourth statement asserts that part of the class of romances is 
excluded from the class of things that have a happy ending,

• and the last statement asserts that the class that has Oprah Winfrey 
as its single member is included in the class of people who publish 
magazines.



standard-form categorical proposition

• A categorical proposition is in standard form if 
and only if it is a substitution instance of one 
of the following four forms:
– All S are P.

– No S are P.

– Some S are P.

– Some S are not P.

Quantifier – subject term – copulo – predicate term



Consider the following example:

• All members of the American Medical Association 
are people holding degrees from recognized 
academic institutions.

• This standard-form categorical proposition is 
analyzed as follows:
– quantifier: all
– subject term: members of the American Medical 

Association
– copula: are
– predicate term: people holding degrees from 

recognized academic institutions



Quality, Quantity, and Distribution



Quality and quantity

• The quality of a categorical proposition is either affirmative or 
negative depending on whether it affirms or denies class 
membership. These are called affirmative propositions and 
negative propositions, respectively. Accordingly, 
– “All S are P” and “Some S are P” have affirmative quality, and 
– “No S are P” and “Some S are not P” have negative quality. 

• The quantity of a categorical proposition is either universal or 
particular, depending on whether the statement makes a claim 
about every member or just some member of the class denoted by 
the subject term. 
– “All S are P” and “No S are P” each assert something about every 

member of the S class and thus are universal propositions. 
– “Some S are P” and “Some S are not P” assert something about one or 

more members of the S class and hence are particular propositions.



Letter name of proposition

• Since the early Middle Ages the four kinds of 
categorical propositions have commonly been 
designated by letter names corresponding to the 
first four vowels of the Roman alphabet: A, E, I, 
O. 

– The universal affirmative is called an A proposition,

– the universal negative an E proposition, 

– the particular affirmative an I proposition,

– and the particular negative an O proposition. 



Standard form categorical proposition



Distribution

• Distribution is an attribute of the terms (subject and predicate) of 
propositions.

• A term is said to be distributed if the proposition makes an assertion 
about every member of the class denoted by the term; otherwise, it is 
undistributed. 

• Stated another way, a term is distributed if and only if the statement 
assigns (or distributes) an attribute to every member of the class denoted 
by the term. 

• Thus, if a statement asserts something about every member of the S class, 
then S is distributed; if it asserts something about every member of the P 
class, then P is distributed; otherwise S and P are undistributed.

E proposition : 
S and P distributed

I proposition : 
none distributed

O proposition : 
S undistributed, 
P distributed

A proposition : 
S distributed,  
P undistributed



Distribution is an attribute or quality that the subject and predicate terms of a 
categorical proposition may or may not possess, depending on the kind of 

proposition. 

• If the proposition in question is an A type, then 
the subject term, whatever it may be, is 
distributed. 

• If it is an E type, then both terms are distributed; 
• if an I type, then neither;
• and if an O type, then the predicate. 



Venn Diagram

• A Venn diagram is an arrangement of overlapping circles in which each 
circle represents the class denoted by a term in a categorical proposition. 

• Because every categorical proposition has exactly two terms, the Venn 
diagram for a single categorical proposition consists of two overlapping 
circles. 

• Each circle is labeled so that it represents one of the terms in the 
proposition. 

• Unless otherwise required, we adopt the convention that the left-hand 
circle represents the subject term, and the right-hand circle the predicate 
term. Such a diagram looks like this:



Boolean Venn Diagram A, E, I and O

• All S are P = No 
members of S are 
outside P.

• No S are P = No 
members of S are 
inside P.

• Some S are P = At 
least one S exists 
that is a P.

• Some S are not P = 
At least one S 
exists that is not a 
P.



Converse



Obversion



Contraposition





LATIHAN

For each of the following categorical 
propositions identify the letter name, quantity, 
and quality. Then state whether the subject and 
predicate terms are distributed or undistributed.

1. No vampire movies are films without blood.

2. All governments that bargain with terrorists 
are governments that encourage terrorism.



LATIHAN

Change both the quality and the quantity of the 
following statements:

1. All oil spills are events catastrophic to the 
environment.

2. No alcoholics are people with a healthy diet.

3. Some Mexican vacations are episodes that end 
with gastrointestinal distress.

4. Some corporate lawyers are not people with a 
social conscience.



Translating Ordinary Language
Statements into Categorical Form

• Terms Without Nouns

– Some roses are red  Some roses are red flowers.

– All tigers are carnivorous  All tigers are carnivorous animals.

• Nonstandard Verbs

– Some college students will become educated.  Some college students are people who will become 
educated.

– Some dogs would rather bark than bite.  Some dogs are animals that would rather bark than bite.

• Singular Propositions

– George went home.  All people identical to George are people who went home.

– Sandra did not go shopping.  No people identical to Sandra are people who went shopping.

• Adverbs and Pronouns

– He always wears a suit to work.  All times he goes to work are times he wears a suit.

– Whoever works hard will succeed.  All people who work hard are people who will succeed.

• Unexpressed Quantifiers

– Emeralds are green gems.  All emeralds are green gems.

– There are lions in the zoo.  Some lions are animals in the zoo.

– A tiger is a mammal.  All tigers are mammals.

– A fish is not a mammal.  No fish are mammals.



Translating Ordinary Language
Statements into Categorical Form

• Nonstandard Quantifiers

– A few soldiers are heroes.  Some soldiers are heroes.

– Anyone who votes is a citizen.  All voters are citizens.

• Conditional Statements

– If it’s a mouse, then it’s a mammal.  All mice are mammals.

– If a bear is hungry, then it is dangerous.  All hungry bears are dangerous animals.

• Exclusive Propositions

– Only elected officials will attend the convention.  All people who will attend the convention are 
elected officials.

– None but the brave deserve the fair.  All people who deserve the fair are brave people.

• “The Only”

– The only animals that live in this canyon are skunks.  All animals that live in this canyon are skunks.

– Accountants are the only ones who will be hired.  All those who will be hired are accountants.

• Exceptive Propositions

– All except students are invited.  No students are invited people, and all nonstudents are invited 
people.

– All but managers must report to the president.  No managers are people who must report to the 
president, and all nonmanagers are people who must report to the president.





CATEGORICAL SYLLOGISM 



SYLLOGISM 

• A syllogism is a deductive argument consisting of 
two premises and one conclusion.

• A categorical syllogism is a deductive argument 
consisting of three categorical propositions that is 
capable of being translated into standard form.



Standard-form categorical syllogism:

• All three propositions are in standard form.

• The two occurrences of each term are 
identical.

• Each term is used in the same sense 
throughout the argument.

• The major premise is listed first, minor 
premise second, conclusion last.



Example

• Syllogism 1 in standard form

– All soldiers are patriots.

– No traitors are patriots.

– Therefore, no traitors are soldiers.

major

minor



Example

• Syllogism 2 not in standard form

– All watercolors are paintings.

– Some watercolors are masterpieces.

– Therefore, some paintings are masterpieces.

• Rearrange Syllogism 2 in standard form

– Some watercolors are masterpieces.

– All watercolors are paintings.

– Therefore, some paintings are masterpieces.

major

minor

majorminor

major

minor



The validity of a categorical syllogism is 
determined by its mood and figure:

• Mood: Consists of the letter names of the 
propositions in the syllogism

• Figure: Is determined by how the occurrences 
of the middle term are arranged



Figure



Mood

• The mood of a categorical syllogism consists 
of the letter names of the propositions that 
make it up. 

• For example, if 

– the major premise is an A proposition, 

– the minor premise is an O proposition, and 

– the conclusion is an E proposition, 

the mood is AOE.



Mode and figure

• No painters are sculptors. (E)

• Some sculptors are artists. (I)

• Therefore, some artists are not painters. (O)

Mode : EIO

Figure : 4

S P

S
MP

M

S P



To reconstruct the syllogistic form

• First use the mood to determine the skeleton of the form:
– E No ______ are ______.
– I Some ______ are ______.
– O Some ______ are not ______.

• Then use the figure to determine the arrangement of the middle terms:
– E No ______ are M.
– I Some M are ______.
– O Some ______ are not ______.

• Finally, supply the major and minor terms, using the letters S and P to 
designate the subject and predicate of the conclusion. The predicate of 
the conclusion is always repeated in the first premise, and the subject of 
the conclusion is repeated in the second premise:
– E No P are M.
– I Some M are S.
– O Some S are not P.



Validity



Venn 
diagram

•The conclusion states 
that the area where 
the S and P circles 
overlap is shaded. 
• Inspection of the 

diagram reveals that 
this area is indeed 
shaded, so the 
syllogistic form is 
valid. 
•Because the form is 

valid from the 
Boolean standpoint, 
it is unconditionally 
valid.



Venn diagram

• Anything in the area marked “1” is an M but neither an S nor a P, 
• anything in the area marked “2” is both an S and an M but not a P, 
• anything in the area marked “3” is a member of all three classes, 

and so on.



Rules for syllogisms: 

• For a syllogism to be valid from the Boolean 
standpoint:
– The middle term must be distributed in at least one 

premise;

– A term distributed in the conclusion must also be 
distributed in a premise;

– At least one premise must be affirmative;

– A negative conclusion requires a negative premise, 
and vice versa;

– A particular conclusion requires a particular premise.



EXERCISE

Identify the major, minor, and middle terms, as well as the mood and figure of 
each and check for the validity :

1. All neutron stars are things that produce intense gravity.

All neutron stars are extremely dense objects.

Therefore, all extremely dense objects are things that produce intense gravity.

2. No insects that eat mosquitoes are insects that should be killed.

All dragonflies are insects that eat mosquitoes.

Therefore, no dragonflies are insects that should be killed.

3. No environmentally produced diseases are inherited afflictions.

Some psychological disorders are not inherited afflictions.

Therefore, some psychological disorders are environmentally produced diseases.



Some syllogisms having more than three terms 
can be reduced to standard form:

• Each additional term must be a complement of one of the 
others.

• Conversion, obversion, and contraposition must be applied 
only when they yield logically equivalent results.

• All photographers are non-writers.
• Some editors are writers.
• Therefore, some non-photographers are 

not non-editors.

six terms: 
“photographers,”
“editors,” 
“writers,” 
“non-photographers,” 
“non-editors,” and 
“non-writers.”



Ordinary language syllogisms: 

• The component propositions are not in 
standard form.

• Can be converted into standard-form 
syllogisms by applying the techniques 
presented in Section 4.7.



Enthymemes and Sorites

• Enthymemes: Syllogisms that are missing a 
premise or conclusion

– Can be converted into standard-form syllogisms by 
supplying the missing statement.

• Sorites: A chain of syllogisms in which the 
intermediate conclusions are missing



PROPOSITIONAL LOGIC 



Propositional Logic:

• The fundamental units are whole statements 
(propositions).

• Simple statements are represented by capital letters (A, B, 
C, etc.).

• These are combined via logical operators to form 
compound statements.

• The logical operators:
■ Tilde (∼) forms negations (“not,” “it is not the case that”).
■ Dot (.) forms conjunctions (“and,” “also,” “moreover,” etc.).
■ Wedge (⋁) forms disjunctions (“or,” “unless”).
■ Horseshoe (⊃) forms conditionals (“if . . . then,” “only if,” etc.).
■ Triple bar (≡) forms biconditionals (“if and only if,” etc.).



Here are some examples:

• It is not the case that Al Qaeda is a humanitarian organization.
• Dianne Reeves sings jazz, and Christina Aguilera sings pop.
• Either people get serious about conservation or energy prices will skyrocket.
• If nations spurn international law, then future wars are guaranteed.
• The Broncos will win if and only if they run the ball.

Using uppercase letters to stand for the simple statements, these compound 
statements may be represented as follows:
• It is not the case that A.  A= Al Qaeda is a humanitarian organization
• D and C.  C= Christina Aguilera sings pop; D= Dianne Reeves sings jazz
• Either P or E.  E= energy prices will skyrocket; P= people get serious about 

conservation
• If N then F.  F= future wars are guaranteed; nations spurn international law
• B if and only if R.  B= The Broncos will win if and only if they run the ball; R= The 

Broncos will win if and only if they run the ball



Here are some examples:

Using operators, these compound statements 
may be represented as follows:



The tilde symbol is used to translate any negated 
simple proposition:

• Rolex does not make computers. ∼R

• It is not the case that Rolex makes computers. ∼R

• It is false that Rolex makes computers. ∼R



The dot symbol is used to translate such conjunctions as “and,” 
“also,” “but,” however,” “yet,” “still,” “moreover,” “although,” and 
“nevertheless”:

• Tiffany sells jewelry, and Gucci sells cologne. T.G

• Tiffany sells jewelry, but Gucci sells cologne. T.G

• Tiffany sells jewelry; however, Gucci sells cologne. T.G

• Tiffany and Ben Bridge sell jewelry. T.B



The word “either,” which is often used to introduce 
disjunctive statements :

• Aspen allows snowboards or Telluride does. A⋁T

• Either Aspen allows snowboards or Telluride does. A⋁T

• Aspen allows snowboards unless Telluride does. A⋁T

• Unless Aspen allows snowboards, Telluride does. A⋁T



“C only if H ” is translated C ⊃ H,
whereas “C if H ” is translated H ⊃ C

• If Purdue raises tuition, then so does Notre Dame. P ⊃ N
• Notre Dame raises tuition if Purdue does. P ⊃ N
• Purdue raises tuition only if Notre Dame does. P ⊃ N
• Cornell cuts enrollment provided that Brown does. B ⊃ C
• Cornell cuts enrollment on condition that Brown does. B ⊃ C
• Brown’s cutting enrollment implies that Cornell does. B ⊃ C



sufficient and necessary conditions

• Hilton’s opening a new hotel is a sufficient 
condition for Marriott’s doing so. H ⊃M

• Hilton’s opening a new hotel is a necessary 
condition for Marriott’s doing so. M ⊃ H



The triple-bar symbol is used to translate the 
expressions “if and only if ” and “is a sufficient and 
necessary condition for”:

• JFK tightens security if and only if O’Hare does. 
J≡O

• JFK’s tightening security is a sufficient and 
necessary condition for O’Hare’s doing so. J≡O



Whenever more than two letters 
appear in a translated statement
We must use parentheses, brackets, or braces to indicate the proper range of the operators. The 
statement A B ⋁ C, for example, is ambiguous. When parentheses are introduced, this statement 
becomes either (A B) ⋁ C or A (B ⋁ C).

• Prozac relieves depression and Allegra combats allergies, or Zocor lowers cholesterol. 
(P A) ⋁ Z

• Prozac relieves depression, and Allegra combats allergies or Zocor lowers cholesterol. 
P A ⋁ Z )

• Either Prozac relieves depression and Allegra combats allergies or Zocor lowers cholesterol. 
(P A) ⋁ Z

• Prozac relieves depression and either Allegra combats allergies or Zocor lowers cholesterol. 
P A ⋁ Z )

• Prozac relieves depression or both Allegra combats allergies and Zocor lowers cholesterol. 
P ⋁ (A Z )

• Prozac relieves depression and Allegra or Zocor lowers cholesterol. P A ⋁ Z )

• If Merck changes its logo, then if Pfizer increases sales, then Lilly will reorganize. M ⊃ (P ⊃ L)

• If Merck’s changing its logo implies that Pfizer increases sales, then Lilly will reorganize. 
(M ⊃ P ) ⊃ L



Examine these





Exercise : Translate the following 
statements into symbolic form

1. Cartier does not make cheap watches.
2. Arizona has a national park but Nebraska does not.
3. Mariah Carey sings pop and either Elton John sings 

rock or Diana Krall sings jazz.
4. Either Mariah Carey sings pop and Elton John sings 

rock or Diana Krall sings jazz.
5. It is not the case that both Kobe Bryant or Shaquille 

O’Neal plays professional tennis and Calvin Johnson 
or Matt Ryan plays professional basketball.

6. Israel’s abandoning its settlements is a sufficient 
condition for the Palestinians’ declaring an end to 
hostilities.



Determine which of the following are 
not well-formed formulas.
1. (S ∼T ) ⋁ (∼U W )
2. ∼(K ⋁ L) (⊃ G ⋁ H )
3. (E ∼F ) ⋁ (W ≡ X )
4. (B ⊃ ∼T ) ≡ ∼(∼C ⊃ U )
5. (F ≡ ∼Q) (A ⊃ E ⋁ T )
6. ∼D ⋁ ∼[(P ⊃ Q) (T ⊃ R)]
7. [(D ⋁ Q) ⊃ (P ⋁ E )] ⋁ [A ⊃ ( H )]
8. M(N ⊃ Q) ⋁ (∼C D)
9. ∼(F ⋁ ∼G ) ⊃ [(A ≡ E ) ∼H ]
10. (R ≡ S T ) ⊃ ∼(∼W ∼X )



Truth Table:

• An arrangement of truth values that shows in every 
possible case how the truth value of a compound 
statement is determined by the truth values of its 
components.

• Used to define the meaning of the five logical 
operators:
– ∼p is true only when p is false.

– p.q is true only when both p and q are true.

– p ⋁ q is false only when both p and q are false.

– p ⊃ q is false only when p is true and q is false.

– p ≡ q is true only when p and q have the same truth value.



∼p is true only when p is false

• It is not the case that McDonald’s makes 
hamburgers. ∼M

• It is not the case that Starbucks makes 
hamburgers. ∼S



p.q is true only when both p and q are true

• Ferrari and Maserati make sports cars. F . M

• Ferrari and GMC make sports cars. F . G

• GMC and Jeep make sports cars. G . J



p ⋁ q is false only when both p and q are false

• Either Steven King or Cate Blanchett is a novelist. 
S ⋁ C

• Either Steven King or Danielle Steel is a novelist. 
S ⋁ D

• Either Kobe Bryant or Tiger Woods is a novelist. 
K ⋁ T



p ⊃ q is false only when p is true and q is false

• If Nicole Kidman is an actor, then so is Meryl Streep. N ⊃M
• If Nicole Kidman is an actor, then so is Wolf Blitzer. N ⊃W
• If Wolf Blitzer is an actor, then so is Helen Hunt. W ⊃ H
• If Wolf Blitzer is an actor, then so is Piers Morgan. W ⊃ P



p ≡ q is true only when p and q have 
the same truth value

• Bill Maher is a show host if and only if Jimmy Fallon is. B ≡ J
• Bill Maher is a show host if and only if Emma Watson is. B ≡ E
• Emma Watson is a show host if and only if Matt Damon is. E ≡ M



Other examples



Exercise : Determine the truth values of the following 
symbolized statements. A, B, and
C be true and X, Y, and Z be false.

1. ∼B ⋁ (Y ⊃ A)
2. A ⊃ ∼(Z ⋁ ∼Y )
3. (A Y ) ⋁ (∼Z C )
4. ∼(X ⋁ ∼B ) (∼Y ⋁ A)
5. (Y ⊃ C ) ∼(B ⊃ ∼X )
6. (C ≡ ∼A) ⋁ (Y ≡ Z )
7. ∼(A ∼C ) ⊃ (∼X ⊃ B)
8. ∼[(B ⋁ ∼C ) ∼(X ⋁ ∼Z )]
9. ∼[∼(X ⊃ C ) ≡ ∼(B ⊃ Z )]
10. (X ⊃ Z ) ⊃ [(B ≡ ∼X ) ∼(C ⋁ ∼A)]
11. [(∼X ⋁ Z ) ⊃ (∼C ⋁ B)] [(∼X A) ⊃ (∼Y Z )]
12. ∼[(A ≡ X ) ⋁ (Z ≡ Y )] ⋁ [(∼Y ⊃ B) (Z ⊃ C )]
13. [(B ∼C ) ⋁ (X ∼Y )] ⊃ ∼[(Y ∼X ) ⋁ (A ∼Z )]
14. ∼{ ∼[(C ⋁ ∼B) (Z ⋁ ∼A)] ∼[∼(B ⋁ Y ) (∼X ⋁ Z )]}
15. (Z ⊃ C ) ⊃ {[(∼X ⊃ B) ⊃ (C ⊃ Y )] ≡ [(Z ⊃ X ) ⊃ (∼Y ⊃ Z )]}



Truth Tables for Propositions



Truth table for proposition

• The relationship between these two columns 
of numbers is expressed by the formula, 



(A ⋁ ∼ B) ⊃ B



(A ⋁ ∼ B) ⊃ B



Exercise : Set the truth table

• (C ∼ D) ⊃ E



Comparing Statements





Truth Tables for Arguments

• If juvenile killers are as responsible for their crimes as 
adults are, then execution is a justifiable punishment.

• Juvenile killers are not as responsible for their crimes as 
adults are.

• Therefore, execution is not a justifiable punishment.

J ⊃ E
∼J
∼E



The truth table 

• the columns for the 
individual letters:

• Truth table complet, and 
the columns representing 
the premises and 
conclusion are outlined

Both of the premises are true and the conclusion is false. 
The argument is therefore invalid.





Logical equivalencies:

• p is logically equivalent to ∼∼p

• p ⋁ q is logically equivalent to q ⋁ p



I. Interpret the following symbolized arguments in light of the eight argument 
forms presented in this section. In some cases a symbolized argument must 
be rewritten using commutativity or double negation before it becomes an 
instance of one of these forms. Those not having a named form are invalid.

1. N ⊃ C

∼C

∼N

2. S ⊃ F

F ⊃ ∼L

S ⊃ ∼L

3. P ⋁ ∼S

S

P

4. B . T

T

∼B



II. Translate the following arguments into symbolic notation and then 
interpret them in light of the eight argument forms presented in this section. 
In some cases symbolized argument must be rewritten using commutativity 
or double negation before it becomes an instance of one of these forms. 
Those not having a named form are invalid.

1. If you enter the teaching profession, you will have no 
money for vacations; and if you do not enter the 
teaching profession, you will have no time for 
vacations. Since you must either enter or not enter 
the teaching profession, it follows that either you will 
have no money or no time for vacations.

2. Insurance companies contribute millions of dollars to 
political campaigns. But if that is so, then meaningful 
insurance reform is impossible. Therefore, meaningful 
insurance reform is impossible.



NATURAL DEDUCTION IN 
PROPOSITIONAL LOGIC 

• A step-by-step method for proving the validity of 
propositional type arguments.

• Shows exactly how the conclusion “comes out” of 
the premises.

• Consists in applying eighteen rules of inference to 
the premises and deriving the conclusion as the 
last line in a sequence of lines.

• Success in using this method requires much 
practice.



18 Rules of Inference:

• Rules of implication (“one-way ” rules):
■■ The premise(s) can be used to derive the 
conclusion.
■■ The conclusion cannot be used to derive the 
premise(s).

• • Rules of replacement (“ two-way ” rules):
■■ Expressed as logical equivalencies.
■■ Either side of the equivalence can replace the 
other.
■■ Can be used to “deconstruct” the conclusion 
for insight into how to derive it.



Rules of implication I

• The first eight rules of inference are called rules of implication 
because they consist of simple, valid argument forms whose 
premises imply their conclusions.

• These four rules will be sufficient to derive the conclusion of many 
simple arguments in propositional logic



For each of the following lists of premises, derive the conclusion and 
supply the justification for it. There is only one possible answer for 
each problem.

(1) 1. G ⊃ F
2. ∼F
3. _______ ____

(2) 1. S
2. S ⊃ M
3. _______ ____

(3) 1. R ⊃ D
2. E ⊃ R
3. _______ ____

(4) 1. B ⋁ C
2. ∼B
3. _______ ____

(5) 1. N
2. N ⋁ F
3. N ⊃ K
4. _______ ____



Use the rules of inference RI I
to construct a proof. 
• Such a proof consists of a sequence of propositions, 

each of which is either a premise or is derived from 
preceding propositions by application of a rule of 
inference and the last of which is the conclusion of the 
original argument. 

• Let us begin with the following example:
– If the Astros switch leagues, then the Braves will not win 

the pennant.
– If the Cubs retain their manager, then the Braves will win 

the pennant.
– The Astros will switch leagues. Therefore, the Cubs will not 

retain their manager.





Prove the following

1. ∼(A B) ⋁ [∼(E F ) ⊃ (C ⊃ D)]

2. ∼ ∼(A B)

3. ∼(E F )

4. D ⊃ G / C ⊃ G



the proof:

1. ∼(A . B) ⋁ [∼(E F ) ⊃ (C ⊃ D)]

2. ∼ ∼(A . B)

3. ∼(E . F )

4. D ⊃ G / C ⊃ G

5. ∼(E . F ) ⊃ (C ⊃ D) 1, 2, DS

6. C ⊃ D 3, 5, MP

7. C ⊃ G 4, 6, HS



Rules of implication II

• Four additional rules of implication are listed here.
• Some textbooks include a rule called absorption by which the statement 

form p ⊃ (p . q) is deduced from p ⊃ q. This rule is necessary only if 
conditional proof is not presented. 



For each of the following lists of premises, derive the indicated 
conclusion and complete the justification. In problems 4 and 8 you can 
add any statement you choose.

(1) 1. S ⋁ H
2. B E
3. R ⊃ G
4. _____ ____ , Simp

(2) 1. (N ⊃ T ) (F ⊃ Q)
2. (N ⊃ R) ⋁ (F ⊃ M )
3. N ⋁ F
4. _______________ ____ , CD

(3) 1. D
2. W
3. ____ ____ , Conj

(4) 1. H
2. ____ ____ , Add

(5) 1. R (N ⋁ K )
2. (G T ) ⋁ S
3. (Q C ) ⊃ ( J L)
4. _____________ ____ , Simp



Use the rules of inference RI II
to construct a proof

• We begin by looking for the conclusion in the premises. 
• D appears in the consequent of the second premise, which we can derive via 

simplification if we first obtain B ⋁ C. 
• This expression as such does not appear in the premises, but from lines 1 and 3 we 

see that we can derive B by itself via modus ponens. 
• Having obtained B, we can derive B ⋁ C via addition. 
• The proof has now been thought through and can be written out as follows:



Rules of Replacement I

• Unlike the rules of implication, which are basic 
argument forms, the ten rules of replacement 
are expressed in terms of pairs of logically 
equivalent statement forms, either of which 
can replace the other in a proof sequence.

• To express these rules, a new symbol, called a 
double colon (::), is used to designate logical 
equivalence.





Illustration



For each of the following lists of premises, derive the indicated 
conclusion and complete the justification. For double negation, avoid 
the occurrence of triple tildes. 

(1) 1. ∼(E ⊃ H )
2. ∼(N ⋁ G )
3. ∼A ⋁ D
4. _______ ____ , DM

(2) 1. G ⊃ (N ⊃ K )
2. R ⋁ (D ⊃ F )
3. S (T ⋁ U )
4. __________ ____ , Dist

(3) 1. M ⋁ (G ⋁ T )
2. P (S ⊃ N )
3. D (R ⋁ K )
4. __________ ____ , Assoc

(4) 1. B ⊃W

2. G ≡ F

3. S . A

4. ______ ____ , Com

(5) 1. ∼ ∼R ⋁ T

2. ∼N ⋁ ∼B

3. ∼A ⊃ ∼H

4. ________ ____ , DN



Rules of Replacement II

The remaining five rules of replacement are as follows:

14. Transposition (Trans): 
( p ⊃ q) :: (∼q ⊃ ∼p)

15. Material implication (Impl): 
( p ⊃ q) :: (∼p ⋁ q)

16. Material equivalence (Equiv): 
( p ≡ q) :: [( p ⊃ q q ⊃ p)]; 
( p ≡ q) :: [( p q) ⋁ (∼p ∼q)]

17. Exportation (Exp): 
[( p q) ⊃ r] :: [ p ⊃ (q ⊃ r)]

18. Tautology ( Taut ): 
p :: ( p ⋁ p); p :: ( p . p)



PREDICATE LOGIC 



Cathegorical and propositional logic

• In cathegorical arguments the fundamental components 
are terms, and the validity of the argument depends on the 
arrangement of the terms within the premises and 
conclusion.
1. All student hookups are quickie sexual encounters.
2. No quickie sexual encounters are committed relationships.
3. Therefore, no student hookups are committed relationships.

• The chapter on propositional logic, the fundamental 
components are not terms but statements:
– If chronic stress is reduced, then relaxation increases and health 

improves.
– If health improves, then people live longer.
– Therefore, if chronic stress is reduced, then people live longer.



Predicate logic

• The validity of this argument depends on both 
the arrangement of the terms and the 
arrangement of the statements.

– Catherine Zeta-Jones is rich and beautiful.

– If a woman is either rich or famous, she is happy.

– Therefore, Catherine Zeta-Jones is happy.



The fundamental component in 
predicate logic 

• is the predicate, symbolized by uppercase 
letters (A, B, C, . . . X, Y, Z ), called predicate 
symbols. 



Singular statement

• A singular statement, is a statement that makes an assertion about 
a specifically named person, place, thing, or time.

• Translating a singular statement involves writing a lowercase letter 
corresponding to the subject of the statement to the immediate 
right of the uppercase letter corresponding to the predicate



Compound statement

• Compound arrangements of singular statements 
may be translated by using the familiar 
connectives of propositional logic.



Universal quantifier

• It is formed by placing a lowercase letter in parentheses, (x), and is 
translated as “for any x.” 

• The letters that are allocated for forming the universal quantifier 
are the last three letters of the alphabet (x, y, z). 

• These letters are called individual variables. 
• They can stand for any item at random in the universe, and they 

have individual constants as substitution instances.



Statement function

• A statement function is the expression that remains 
when a quantifier is removed from a statement.

• In these examples, the expressions Sx ⊃ Tx, Fx ⊃ ∼Bx, 
and so on are called statement functions.



Existential quantifier : particular 
statement

• formed by placing a variable to the right of a backward E in 
parentheses, thus: (∃x).

• the expression 
– (∃x)(Sx . Px) means “Something exists that is both an S and a P,” 

and 
– (∃x)(Sx . ∼Px) means “Something exists that is an S and not a P.”



Particular statement

• particular statement is a statement that makes an 
assertion about one or more unnamed members of the 
subject class. 

• particular statements are either affirmative or negative, 
depending on whether the statement affirms or denies that 
members of the subject class are members of the predicate 
class.



Example



• As these examples illustrate, the general procedure in 
translating statements in predicate logic is to render
– universal statements as conditionals preceded by a universal 

quantifier, and 
– particular statements as conjunctions preceded by an existential 

quantifier. 

• However, as the third and fifth examples indicate, there are 
exceptions to this procedure :
– A statement that makes an assertion about literally everything 

in the universe is translated in terms of a single predicate 
preceded by a universal quantifier, and 

– a statement that asserts that some class of things simply exists 
is translated in terms of a single predicate preceded by an 
existential quantifier



More complex statements

Disjunction not conjunction

Disjunction not conjunction

Disjunction not conjunction

Conjunction

If not

Or





Using the Rules of Inference

• Let us first consider universal instantiation. As an illustration of the 
need for this rule, consider the following argument:
– All economists are social scientists.
– Paul Krugman is an economist.
– Therefore, Paul Krugman is a social scientist.

• This argument, which is clearly valid, is symbolized as follows:
1. (x)(E x ⊃ Sx)
2. Ep / Sp

• Proof
1. (x)(Ex ⊃ Sx)
2. Ep / Sp
3. Ep ⊃ Sp 1, UI
4. Sp 2, 3, MP



Using the Rules of Inference

• Let us now consider universal generalization. The need for this rule may 
be illustrated through reference to the following argument:
– All psychiatrists are doctors.
– All doctors are college graduates.
– Therefore, all psychiatrists are college graduates.

• This valid argument is symbolized as follows:
1. (x)(Px ⊃ Dx)
2. (x)(Dx ⊃ Cx) / (x)(Px ⊃ Cx)

• Proof
1. (x)(Px ⊃ Dx)
2. (x)(Dx ⊃ Cx) / (x)(Px ⊃ Cx)
3. Py ⊃ Dy 1, UI
4. Dy ⊃ Cy 2, UI
5. Py ⊃ Cy 3, 4, HS
6. (x)(Px ⊃ Cx) 5, UG



Using the Rules of Inference

• Let us now consider existential generalization. The need for this operation is 
illustrated through the following argument:
– All tenors are singers.
– Andrea Bocelli is a tenor.
– Therefore, there is at least one singer.

• This argument is symbolized as follows:
1. (x)(Tx⊃ Sx)
2. Ta / (∃x)Sx

• If we instantiate the first line with respect to a, we can obtain Sa via modus 
ponens. But if it is true that Andrea Bocelli is a tenor, then it certainly follows that 
there is at least one singer (namely, Andrea Bocelli). This last step is accomplished 
by existential generalization (EG). The proof is as follows:

1. (x)(Tx⊃ Sx)
2. Ta / (∃x)Sx
3. Ta ⊃ Sa 1, UI
4. Sa 2, 3, MP
5. (∃x)Sx 4, EG



Generalization

• in the inclusive sense is an operation that consists in 
– (1) introducing a quantifier immediately prior to a 

statement, a statement function, or another quantifier, 
and 

– (2) replacing one or more occurrences of a certain 
instantial letter in the statement or statement function 
with the same variable that appears in the quantifier. 

• For universal generalization, all occurrences of the 
instantial letter must be replaced with the variable in 
the quantifier, and 

• For existential generalization, at least one of the 
instantial letters must be replaced with the variable in 
the quantifier.



Using the Rules of Inference

• The need for existential instantiation can be illustrated through the following 
argument:
– All attorneys are college graduates.
– Some attorneys are golfers.
– Therefore, some golfers are college graduates.

• The symbolic formulation is as follows:
1. (x)(Ax ⊃ Cx)
2. (∃x)(Ax Gx) / (∃x)(Gx Cx)

• The completed proof is as follows:
1. (x)(Ax ⊃ Cx)
2. (∃x)(Ax Gx) / (∃x)(Gx Cx)
3. Ad Gd 2, EI
4. Ad ⊃ Cd 1, UI
5. Ad 3, Simp
6. Cd 4, 5, MP
7. Gd Ad 3, Com
8. Gd 7, Simp
9. Gd Cd 6, 8, Conj
10. (∃x)(Gx Cx) 9, EG



Summary of predicate logic

• Predicate Logic: Combines the use of these 
symbols:
– The five operators of propositional logic: ∼, . , ⋁, 
⊃, ≡

– Symbols for predicates: G_, H_, K_, etc.

– Symbols for universal quantifiers: (x), ( y), (z)

– Symbols for existential quantifiers: (∃x), (∃y), (∃z)

– Symbols for individual variables: x, y, z

– Symbols for individual constants: a, b, c, . . . u, v, w



Summary of predicate logic

• Statements:

– Singular statements combine predicate symbols 
with constants: Ga, Hc Kc, etc.

– Universal statements are usually translated as 
conditionals: (x)(Px ⊃ Qx), etc.

– Particular statements are usually translated as 
conjunctions: (∃x)(Px Qx), etc.



Summary of predicate logic

• Using the Rules of Inference (modus ponens, 
modus tollens, etc.):
– Rules are used in basically the same way as in 

propositional logic.
– Using the rules usually requires that quantifiers be 

removed or inserted:
• Universal instantiation (UI): Removes universal quantifiers.
• Universal generalization (UG): Introduces universal 

quantifiers.
• Existential instantiation (EI): Removes existential quantifiers.
• Existential generalization (EG): Introduces existential 

quantifiers.


